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^HCCHnaTHBHbie KpaeBbie ycjiOBna oSbiKHOBeHHbix 
/i,HcJ)<J)epeHLi,HajibHbix onepaTopoB 

E. A. IIIiipHeB 

B pa6oTe pQ J\m- JX- BiipKrocp pa3Biui aciiMnTOTiiaecKiie MeTO^bi ,a,jia iiccjie^OBaHiia 
o6biKHOBeHHbix ^H(p(pepeHn,HajibHbix onepaTopoB BbicoKoro nopa^Ka, nopo>K^i,eHHbix Bbipa>KeHiieM 

O 

o 

^ ■ (i) i(y) = (-i)"V m) + (-i) m - 2 b(x)y] (m ~ 2) + ■ ■ • + Pm {x )y , 

> ; 

r,a,e (pyHKn,HH Pk\ x ) 6ecKOHeaHO ,a,ii(p(pepeHn,iipyeMbi Ha [a, b], ii KpaeBbiMH ycjiOBiiaMii 
^ . m-l 

\D ; (2) Ujiy) = J2 a ]k y^ k \a) + b jk y^(b) = 0, j = 1, . . . , m. 

B nacTHOCTH, oh Bbi^ejiHJi BajKHbiii KJiacc KpaeBbix ycjiOBHii, KOTopbie Ha3Baji peryjiapHbiMii. 
OnepaTop, nopojK/xeHHbiH BbipajKeimeM Q h peryjiapHbiMii KpaeBbiMH ycjiOBiiaMii J2j), 3/j;ecb 
mm TaKJKe ycjiOBHMca Ha3biBaTb peryjiapHbiM. Otmcthm, hto b onpe/rejieiiiiii peryjiapHOCTii 
ynacTByiOT tojibko K03(pcpimiieHTbi b jiimeiiHbix cpopMax h He yaacTByiOT K03(p(piin,iieHTbi Pj(x) 
flH(p(pepeHn,HajibHoro BbipaxteHiia. 

BajKHbiii pe3yjibTaT, ycTaHOBjieHHbiii BiipKixxpOM, cocToaji b oueHKe pe30JibBeHTbi peryjiapHoro 
^H(p(pepeHn,HajibHoro onepaTopa. On,eHKa nojiyaajiacb, no cymecTBy, TaKoii me, k&k fljia 
caMOConpa>KeHHbix KpaeBbix ycjiOBiiii, T.e. ycjiOBiiii, npii kotopmx onepaTop Lq, nopo>K^i,eHHbiH 
BbipajKeHiieM lo(y) = (—i) m y^ caMOConpajKeH. 3ajjaaa o tom, aBJiaiOTca jih caivioconpajKeHHbie 
■ ycjiOBiia peryjiapHbiMii, OKa3ajiacb HenpocToii. Oiia 6biJia nojiojKHTejibHO penieHa C. CajiacpOM [2j 



< 



> 
oo 



in 



fljia aeTHbix m ii JiJia npoii3BOJibHoro nopa/XKa A. M. Mhhkhhmm [3j. 

B 3toh 3aivieTKe pacMaTpHBaeTca onepaTop L , nopojKJxeHHbift JTii(p(pepeHii;iiajibHbiM BbipaaceHiieM 
lo(y) = (-i)"V m) c oSjiacTbio onepe^ejieHiia D(L ) = {y G W 2 m [0> 1], Uj(y) = 0, j = 1, . . . , m}. 
3^ecb aepe3 W™ o6o3HaaeHO npocTpaHCTBO Co6ojieBa. 

KpaeBbie ycjiOBiia J2J) Ha30BeM ,a,nccnnaTiiBHbiMii, ecjiii onepaTop Lq aBjiaeTca fliicciinaTHBHbiM, 



B 



T.e. lm(L y, y) ^ 0. 

L[ejibio pa6oTbi aBjiaeTca oniicaHiie Bcex JxiicciinaTiiBHbix KpaeBbix ycjiOBiiii ii BbiacHeHiie 
Bonpoca, aBJiaiOTca jih TaKHe ycjiOBHa peryjiapHbiMii. Otmctiim cjieixyioiniiH cpaKT; ecjiii 
mm flOKajKeM, hto flHCCHnaTHBHbiH onepaTop L peryjiapeH, to npoii3BOJibHbiH onepaTop L, 
nopo>Kia;eHHbiH JxiicpcpepeHiTiiajibHbiM Bbipa>KeHiieM (QJ) h TeMii ace KpaeBbiMH ycjiOBiiaMii, 6yij;eT 
peryjiapeH. 

1. OnncaHne ^HCcnnaTHBHbix KpaeBbix ycjiOBHii. 

B 3tom naparpacpe npHBe^eHbi HeoSxoflHMbie h ;j,ocTaToaHbie ycjiOBiia fliicciinaTHBHOCTii KpaeBbix 
ycjiOBiiii. 

J\jih KpaTKOCTH 3anncii BBe^eM BeKTopbi-CTpoKii: 

y := (y(0),... ,y^(0)); 

y:=(y 0l m) = (y(0), . . . , y^O), y(l), . . . , 
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^HCCHIIATHBHblE KPAEBblE YCJIOBHH flJIfl OBblKHOBEHHblX flHaxDEPEtBTHAJIbHblX OnEPATOPOB2 



Hepe3 y£, y*, y*, A* Sy^eM o6o3HaHaTb cooTBeTCTByiomiie BeKTopbi-CTOJiGubi h MaTpimbi c 
KOMnjieKCHO conpajKeHHbiMH KOMnoHeHTaMii, a chmboji „t" Ha MecTe BepxHero HH^eKca 6yfleT 
03HanaTb TpaHcnoHHpoBaHne BeKTopa hjih MaTpnn,bi 6e3 KOMnjieKCHoro conpajKeHHH KOMnoHeHT. 
JXjir o6o3HaHeHHH MaTpiin, h bgktopob, KOMnoHeHTbi kotopmx KOMnjieKCHO conpaxceHbi hcxoahmm, 
6y^eM CTaBHTb CBepxy nepTy. To ecTb, A* = A 

3aMeTHM, hto KpaeBbie ycjiOBPia b hobbix oSosHaneHPiax mojkho nepenricaTb b BH^e 
Ai/q + By i = 0, r^e A h B — MaTpimbi nopa^Ka m. 



JIemma 1. MjueeM 

2 Im (Lay, y) 



ii-iy+^fcJyf-yoJy*], m = 2n 
[-l) n [ViKyZ-%KyS], m = 2n-l, 
sde MampuVfU J u K euzjindnm cjiedywvuuM o6pa30M: 



/0 ... -1\ 
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J\OK A3 ATEJlbCTBO . 
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Im (L y, y) = — ((L Q y, y) - (y, L Q y)) 



HHTerpnpyfl (Lay, y) m pa3 no nacTAM, nojiyHHM 



2 Im (L y, y) = (-i) [{-i) m (y^y -... + {-l^yy^)) ] 

o 

ii-l^+^ytJyf -y JyS], m = 2n 
'-iy[y x Ky*-y Q KyZ], m = 2n-l, 



□ 



JIemma 2. nycmb m = 2n u npaeeue ycjioeun 3adanu e (fiopMe Ay^ + By± = 0, zde A u B — 
Mampui^u nopadKa 2n. Ecau My G D(L) 

J)y* - y Q (-i(-l)-J)y* > 0, 



mo 



(3) [A{-i{-l) n J)A t - fl(-i(-l) n < 0. 

J\ok A3 ATEJlbCTBO. 06o3HanHM Uj = (doj, dij, . . . , a,2 n -ij, boj, b\j, . . . , b2 n -ij), J ' = 1, • • • , 2n 
CTpoKH, cocToamne 113 KoacpcpimiieHTOB KpaeBbix ycjiOBiiii (J2J). Tor^a paBeHCTBO Uj(y) = moxho 
nepenncaTb b BH^e 

(4) (Uj, y") An = 

IlocjieflHee BbipaxceHHe — CKajiapHoe npoii3Be,n;eHHe b An - MepHOM npocTpaHCTBe Ha^ C. Ctpokh 

Uj o6pa3yiOT jiimeHHoe no^npocTpaHCTBO pa3MepHOCTii 2n (3^ecb h ^ajiee Sy^eivi nojiaraTb, hto 
KpaeBbie ycjiOBHa jiiiHeiiHO He3aBiicnMbi) . 06o3HaHiiM Hepe3 9t nojnipocTpaHCTBO pa3MepHOCTii 2n 
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cocToaaxee H3 peineHHii cacTeMbi ypaBHeHaa (jlj), a aepe3 £ — noanpocTpaHCTBO span({J7 :; }|" 1 ). 
Toraa 91 opToroHajibHO £. IIojiojkhm 

' i(-l) n J 

-i(-l) n J 



M 



(5) yMy*^0 VyG91. 

y MaTpriixbi M ^Ba coScTBeHHbix 3aaaeHaa: 1 a (—1). Kaa^oe H3 hhx bmcgt KpaTHOCTB In. 
IlycTB {x~}|"ij {^/}j=i ~ 6a3HC, b kotopom M ^aaroaajiasapyeTca: cnepBa Ha flaaroaajia 
CToaT „— 1", noTOM „1". riepea^eM b C 4n aocpe^CTBOM opToroHajibHoro apeo6pa30Baaaa k 6a3acy, 
cocToameMy H3 BeKTopoB {xf , x 2 ~, . . . , x 2 ~ , x-^, x 2 + , . . . 06o3aaaaM *Tt_ = span({x~}^™ 1 ) a 

91+ = span({x + }2™ 1 ). OTMeTHM, hto Vx G 91_ xMx* h Vx G 91 + xMx* ^ 0. 

PaccMOTpHM onepaTopbi SL a 5+, KOTopbie apoeaapyiOT 91 Ha 91_ h 91+ cooTBeTCTBeHHO. 
Vx G 91+ cyin;eCTByeT He 6ojiee oflHoro y G 91 : S + (y) = x. B npoTHBHOM cjiyaae, ecjin Hafl^yTca 
TaKne yi h ?/2, (yi — y2)M(y\ — 2/2)* < 0. 3to 03HaaaeT, hto y onepaTopa S+ ecTb o6paTHbin (TaKace 
jiHHeHHbin). B CHJiy SToro noanpocTpaHCTBy 91 npaHaajieacaT Te h tojibko Te BeKTopbi, KOopaaHaTbi 

KOTOpblX B 6a3HCe {Xi , X 2 - , . . . , X 2ri , S+~, ^2 + ; • • • i ^2n} COCTOflT H3 nOCJieflOBaTejIbHO BbinHCaHHblX 

KOopaimaT BGKTopa )(x) b 6a3Hce {x J ~}|™ 1 npocTpaHCTBa 91_ h KOopaimaT x b 6a3Hce {x J + }|™ 1 

npocTpaHCTBa 91+ (Vx G 91+). By^eivi 3aaacbiBaTb sto Tax: 

Vt={((SS?)(x),x) I xG91+}. 

Tenepb fla^HM aaajioraaaoe oaacaaae ,o,Jia £ = 91 -1- . A aMeaao, npe^CTaBBM onepaTop 
T : 91_ — ► TaKoii, hto £ = 91^ = {(y, ^(2/)) | y G 91_}. 3a(paKcapyeM b ao^apocTpaacTBax 91_ 
h 91+ 6a3HCbi {x ? ~}|" 1 a {x J + }j" 1 cooTBeTCTBeHHO. IlycTb S MaTpHiia onepaTopa S-S+ 1 : 91+ — > 91_ 
b 3thx 6a3Hcax. Tor^a paccMOTpHM jiaaeaabia onepaTop H3 91_ b 91+, MaTpan,a KOToporo apa 
(pHKcnpoBaHHbix 6a3Hcax {x~}^™ 1 h {x :) + }^™ 1 paBHa (— S*). 3to a ecTb hckommh onepaTop T. 

H3 (jHJl cjieayeT, aTO Vxg91+ ((£_#+ )(x), (5'_5' + " 1 )(x)) 2n ^ (x, x) 2n , a 3HaaaT, 
Vx G 91_ (T(x), r(x)) 2 „ ^ (x, 2) an. Cjie^OBaTejibHO, Vj?G 91 x y My* ^ 0. _ 

IlocKOJibKy 91 1 - = £ — no^npocTpaHCTBO, aBjiaiomeeca jihhghhoh oSojiohkoh {{7j}^™ 1 , to 

\A{-i{-l) n J)A l - B{-i{-l) n J)B l ) < 

JleMMa [21 ^OKa3aHa. 

□ 

H3 flOKa3aTejibCTBa jieMMbi [2] acHO, hto ecjin A h B yflOBJieTBopaiOT Q, to ohh 3aflaiOT 
^HCCHnaTHBHbie ycjiOBaa. 

B HeaeTHOM cjiyaae flHCcanaTHBHbie ycjiOBaa onacbiBaiOTca TaK me. ilpaaHHa SToro b tom, hto h 
b HeaeTHOM cjiyaae y MaTpan,bi M 6y^eT o^HHaKOBoe KOJiaaecTBO „1" a „— 1" b flaaroHajia30BaBBOM 
BHfle. TaKaM o6pa30M, ^,OKa3aHa TeopeMa, ^aioiu,aa ape^CTaBjieHae 06 ajireSpaaaecKoa CTpyKType 
^accaaaTHBBbix pacaiapeHaax oaepaTopa Lq. 

TEOPEMA 1. Mampuvfii A u B 3adawm duccunamuenue npaeeue ycjioeun mosda u moAbno 
mozda, nosda 

[3(-i(-l) n J) A* - B(-i(-l) n J)B*] < 

e uerriHOM cjiynae, 

[Ai-l^KA* -Bi-IY'KB*] <: 

e HeuemHOM cjiyuae. 
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IlpefljiojKHM Tenepb enje o^ho onucaHiie flHCCiinaTHBHbix KpaeBbix ycjiOBim fljia 
^HcpcpepeHiniajibHoro BbipaaceHiia h{y) = (—i) m y^ m \ 3tot pe3yjibTaT aBJiaeTca pa3BHTiieM 
paSoTbi O.C.Pocpe-BeKeTOBa h A.M.XojibKPma [4]. 

Ha^HeM c ^eraoro cjiy^aa: m = 2n. JJjir y^oSHoro BbipaxceHHa (popMbi Im (Lay, y) 
HaM noTpeSyiOTca KBa3HnpoH3BO^Hbie, OTBe^aioiniie ^ncpcpepeHiniajibHOMy BbipajKemiio lo(y). 
OnpeflejiHM hx cjie^yioiu,HM o6pa30M: 

yK =y (k) ) ( k = 0,l,...,n; y®=y), 

y [2n-k] = _| y [2n-fe-l] ) (jfc = 0, 1, . . . , n - 1). 
BBefleM o6o3HaHGHH3 flJia BeKTOpOB MJiafllBHX H CTapniHx npoH3BO^,Hbix: 

y A ={y(0), y'(0),...,y^(0), y(l), y'(l), . . . ^""^(l))*, 
y v = (^-11(0), yP»-^(0),...,yW(0), -yP^l), -^(l), • • • , -» w (l))*. 
C noMOin,bio 3thx oGosHa^eHHH Im(L y,y) moxho 3anHcaTb Tax: 

lm(L y,y) = ^((L y,y) - (y,L y)) = -^{(y v ,y A ) 2n - (y A ,y v )2n), 
r^e (■ , - )2n no-npe>KHeMy coHa^aeT CKajiapHoe npoH3Be^,eHHe b C 2n . 
JIemma 3. Ecau npaeeue ycAoeun 3adawmcH e eude 

(V-I)y v + z(V + I)y A = 0, 
zde I—eduHU«4Huu, a V —uepacmmueatou^uu Auueuuuu onepamop e C 2n , mo ecmt> 

||VyK||y|| VyeC 2 ", 

mo onepamop, nopoofcdeuHuu eupacuceuueM lo(y) u amujuu npaeeuMU ycAoeuHMU, 
duccunamueeu. 

,ZIOKA3ATEJlbCTBO. IIepennnieM KpaeBbie ycjiOBPia b Bn^e 

V(y v + iy A ) = y v -iy A , 

Tor,a,a 

II V i • /\ 1 1 2 — 1 1 V • A II 2 

\\y +w II > \\y -w II • 

OTCiofla 

2i[{y\y^ 2n -{y\y^) 2n ] > 0, 
hto coBna^aeT c onpeflejieHiieM ^iicciinaTHBHOCTH onepaTopa. □ 

JIemma 4. IJycmb onepamop L nopoMcdeu ducfiaiepeuu^uaAbuuM eupaofcenueM lo(y), a 
eso o6Aacmb onpedeAeuun D(L ) C W 2 n {^, 1) sadaemcM 2n Auueuuo ue3aeucuMUMU npaeeuMU 
ycAoeuMMU. Ecau L duccunamueeu, mo cyui,ecmeyem manou uepacmmueawuiAiu Auueuuuu 
onepamop V, deucmeywm/au e C 2n , nmo npaeeue ycAoeun SKeueaAeumuu CAedywvaxiM: 

(V-I)y v + z(V + I)y A = 0, 

zde I no-npeafcueMy eduuuHuuu onepamop e C 2n . 

^OKASATEJlbCTBO. IlocKOJibKy onepaTop L ^HCCiinaTHBeH, to 

2i[(y\y^) {2n) -(y\y^) 2n ] > 0, 

HTO paBHOCHJIbHO 

lb v + ^ A ll 2 ^llz/ v -VT. 

OnpeflejiHM Tenepb OTo6pajKeHne V. 
OSjiacTb onpeflejieHna D(V) 3afla^HM TaK: 

D(V) = {z € C 2n \ z = y y + iy\ y G D(L )}. 
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H3 ycjiOBHa JieMMbi cjie/ryeT hto D(V) — no/inpocTpaHCTBO b C 2n . IIojiojkhm 

V(y v + iy A )=y y - iy\ y e D(L ). 

OToSpaaceHne V : C 2n — ► C 2n HBJiaeTca hckombim jiHHeimbiM onepaTopoM. 
^OKajKeM, hto 3a^aHHoe TaK OTo6pa>KeHHe V o/iH03HaHHO. 

npe^nojiojKHM npoTHBHoe: nycTb OToSpaaceHne V HeoflH03HaMHO, to ecTb Haft/ryTCH 
TaKiie q, y G D(L ), q ^ y, hto y y + iy A = g v + iq A , h y v — iy A ^ q y — iq A . Tor^a, TaK KaK 
(y-q)e D(L ), to 

0=\\(y~q) v + i(y-q) A \\ > \\(y-qy -^(y-q) A \\>0. 

npiinijiii k npoTHBopeaiiio c npe^nojiojKeHHeM o HeoflH03HaHHOCTH OTo6pa>KeHiia V. 

TaKHM o6pa30M, npe/iCTaBJieH jiHHeHHbifi HepacTarnBaiOHiTiH onepaTop V, fleiicTByiOHiTiH b C 2n , 
TaKofl, hto KpaeBbie ycjiOBHa 

(V-I)2/ v + i(V + I)2/ A = 
3a^aiOT D(Lq). ,I[oKa3aTejibCTBO jieMMbi@]3aKOHHeHO. □ 

JJjih HeHeraoro cjiynafl (m = 2n — 1) onpe^ejieHne KBa3HnpoH3BO^,Hbix y^ k \ OTBenaioiHHx lo(y), 
3a^aeTca (popMyjiaMH: 

y [k] =y (k) ) (fe = 0,l,...,7i-2; y®=y), 

y[2n -k-l] = _A y [2n-k-2}^ (jfe = 0,l,...,7l- 1). 

06o3HaaHM! 

yA = ( y (n-l) (0)+2/ (n-l) (1); ^ y'( ) , . . . , yM ( ) , y(l), y'{l) , . . . , (1)) * , 

y v = (<y(»"i)(l)-<y(«-i)(0), (0) , . . . , y M (0) , -y^(l), . . . , 

Tenepb Im(L 2A 2/) CHOBa mojkho 3anncaTb Tax: 

Im(I y,y) = ^r((2/ V ,?/ A )2n-l - (?/ A ,2/ V )2n-l), 

r,n,e (• , -)2n-i 03HanaeT CKajiapHoe npoH3BefleHne b C 2 " -1 . 

JieMMbi BepHbi b HeaeTHOM cjiynae. Hx coBOKynHOCTb flOKa3biBaeT cjiejryiOHryio TeopeMy. 

TEOPEMA 2. Onepamop, nopoMcdeuHuu lo(y) = (— z)" 1 ?/" 1 -' u npaeeuMU ycAoeuHMU l p| ). 
HGJisiemcH duccunamuenuM mozda u moAt>KO mozda, nozda naudemcM manou Hepacmmueamu^uu 
onepamop V e C m , umo mookho nepenucamb amu ycjioeun e dKeueajienmHou cfiopMe: 

(V-T)y v + i(V + l)y A = 0. 

2. Onpe^ejieHne peryjiaprndx KpaeBbix ycjiOBHii 

HanoMHHM onpe^ejieHne peryjiapHOCTH KpaeBbix ycjiOBHii (cm. pQ, |5|). IIpeflBapHTejibHO 
KpaeBbie ycjiOBHa Hy>KHO HopMHpoBaTb. Hhcjio kj (J = l,...,m) Ha30BeM nopa^KOM KpaeBoro 
ycjiOBHa Uj(y) = 0, ecjin sto KpaeBoe ycjiOBae co,a,ep>KHT y^(0) hjih y^ kj '(l), ho He co^,ep>KHT 
t/")(0) h npn z/ > kj. PaccMOTpHM KpaeBbie ycjiOBHa nopa^Ka m— 1, ecjin TaKHe HMeiOTca. 

3aMeHaa hx, ecjin Ha^o, jiHHeiiHbiMH KOM6HHan,HHMH, mo>kho ,a,o6HTbCH Toro, hto6m hhcjio jiHHeimo 
He3aBHCHMbix KpaeBbix ycjiOBHii nopajj;Ka m — 1 Smjio ^ 2. OcTajibHbie KpaeBbie ycjiOBHa HMeiOT 
nopaflOK ^ m — 2; npnivieHaa k hhm tot ace npneivi, CBejj;eM hx hhcjio k MHHHMyiviy h t.r. 

OnHcaHHbie onepan;HH Ha3biBaiOTCH uopMupoeKoil Kpaeeux ycAoeuu, a nojiyaeHHbie b pe3yjibTaTe 
KpaeBbie ycjiOBHa Ha3biBaiOTCH HopMupoeauHUMu. H3 cnoco6a hx nocTpoeHHH cjie^yeT, hto 
HopMHpoBaHHbie KpaeBbie ycjiOBHa flOJiJKHbi hmbtb bh^,: 



(6) 



U j (y) = U jO (y) + U jl (y) = 0, 
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r^e 



U j0 (y) = a jy ^\0) + ®jsy {s) (0), U n (y) = + £ P s .yV(l) 



s=0 



s=0 



m — 1 ^ ki ^ k 2 ^ . . . ^ fc m ^ 0, fcj > % + 2) 
npnaeM jj,jih KajK^oro 3HaaeHHa HH^eKca j xoth 6m ojj,ho h3 anceji ccj, (3j otjihhho ot 0. 

Otmcthm, hto HMeeTca SKBHBajieHTHoe onpe^ejieHne HopMHpoBaHHbix KpaeBbix ycjiOBHii (cm. |6j). 

OnPEflEJIEHHE 1. BydeM soeopumb, umo npaeeue ycjioeun Vj(y) = 0, j = l,...,m, 
3KeuecuieHmHue (J2J, peajiu3ymm ycAoeuu (j2J e MUHUMaAbnou tfiopMe (ujiu npueodnm ux K 
MUHUMaAbHoil tfiopMe) , ecAU cyMMd nopttdnoe ycAoeuu Vj(y) MUHUMaAbna. 



YTBEP^flEHHE 1. Kpaeeue ycAoeun nopMupoeanu mozda 
npueedenu k MUHUMaAbnou (fiopMe. 



u 



moAbKO mozda, Kosda ohu 



^OKASATEJIbCTBO. OneBHflHO, H3 MHHHMajIbHOCTH (pOpMbl CJie^yeT HOpMPipOBaHHOCTb. 

/JeftcTBHTejibHO, nycTb, HanpHMep, ycjiOBHH {Uj(y) = 0}^! =1 npnBe^eHbi k MHHHMajibHoii cpopMe, 
ho He HopMHpoBaHbi . 3to 03HanaeT, hto Han^yTCH ,a,Ba hjih Sojiee ycjiOBHH HeKOToporo nopa^Ka k 
TaKne, hto ecTb jiHHeimaH KOM6HHan,Ha ctpok ajihhbi ,a,Ba ^2 c j( a jk, &jfe) — (0, 0). 3^ecb j npHHHMaeT 

j 

3HaHeHHfl, paBHbie HOMepaM ycjiOBHii nopa^Ka k. Ho Torjja y OJjHoro H3 bthx ycjiOBHH nopa^OK 

MOJKHO nOHH3HTb, a 3TO npHBOJJHT K npOTHBOpeHHK) C npeflnOJIOJKeHHeM O MHHHMajIbHOCTH (popMbi 

{'■(//) <>}•';• 

PaccMOTpHM Tenepb HopMnpoBaHHbie ycjiOBHa {Uj(y) = 0}jL 1 . ^Jia KajKjj;oro k — 1, . . . ,m — 1 
HMeeTca He 6ojiee flByx KpaeBbix ycjiOBHH nopaflKa k. By^eM o6o3HanaTb j(k) MeHbHinn H3 HOMepoB 
KpaeBbix ycjiOBHH nopa^Ka k, ecjin ycjiOBHH TaKoro nopa^Ka HMeiOTca. Ecjih fljia HeKOToporo k 
HaftjjyTCH pobho ,a,Ba ycjiOBHa nopajj,Ka k c HOMepaMH j(k) h j(k) + 1, to, 3aMeHaa Uj^)(y) = 
h Uj(k)+i{y) = Ha hx jiHHeiiHbie KOMSnHaniiH, coBepniHM npeo6pa30BaHHa, npHBOjjainiie k TaKHM 
3HaneHHaM KOBCpHHinieHTOB: (Xj(k) — Pj(k)+i = 0j @j{k) = a j{k)+i = 1- BbinnTaa Tenepb H3 U n (y) = 
jj;jia Ka>Kja;oro n < k(j) paBeHCTBO P n Uj(k){y) + &nUj(k)+i(y) — 0, ja;o6beMca toto, htoSm y^(0) 
h BCTpenajiHCb tojibko b ycjiOBnax c HOMepaMH j(k) h j(k) + 1. Ecjih ace fljia HeKOToporo 

k TOJIbKO OflHO yCJIOBHe HMeeT nOpHflOK k, TO, 3aMeHHH yCJIOBHfl C HOMepaMH, MeHblHHMH j(k), Ha 

jiHHenHbie KOM6nHaii;HH hx c ycjiOBHeM Uj^)(y) — 0, hckjiiohhm jih6o y^ k '(l) (ecjin (3j^) ^ 0), jihSo 
y( k \0) (ecjin (3j(k) = 0) H3 Bcex ycjiOBHii KpoMe Uj^){y) — 0. Ilocjie sthx npeo6pa30BaHHii KpaeBbie 
ycjiOBHa BbirjiHflaT cjieflyiomHM o6pa30M: 

/••• • ••• • 
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C^ejiaHHbie npeo6pa30BaHHii He H3MeHHjiH hh cyMMbi nopa^KOB, hh HopMHpoBaHHOCTb ycjiOBHii. 

Tenepb oneBHjjHO, hto npn coBepnieHHH sjieMeHTapHbix npeo6pa30BaHHii ctpok b nojiyneHHofl 
MaTpHii;e cyMMa nopa^KOB He yMeHbninTca, a 3HanHT, HopMnpoBaHHbie ycjiOBHa peajiH3yiOT 
MHHHMajibHyio (popMy. □ 

H3 SToro yTBepjKjj;eHHH oneBH^HbiM o6pa30M nojiynaeTca cjiejj;yioni;ee. 

CJIEflCTBHE 1. Ha6op nopttdnoe ki,...,k m HopMupoeatmux ycAoeuu ne 3aeucum om moso, 
kclkumu npeo6pa3oeaHUMMU npoeoduAacb HopMupoena. 



flHCCHIIATHBHblE KPAEBblE yCJIOBHH flJTfl OBblKHOBEHHblX ^HOxDEPEHIIHAJIbHblX OnEPATOPOB7 



Tenepb oapeaejiaivi KJiacc pesyjmpHux KpaeBbix ycjiOBaa. 06o3aaaaM aepe3 Uj, j — 1, . 
pa3JiHHHbie kophh m-m CTeneHH H3 —1 b TaKOM aopaaKe, aTo6bi Bbiaojiaajiacb HepaBeHCTBa 

Re(ujie^) < Re^e^) < . . . < Re(u m e^). 

Oapeaeaeaae aaeTca OTaejibao aaa aeTBbix a aeaeTBbix m. 
a) m neaeTno; m — 2/j, — 1. 



HopMiipoBaHHbie KpaeBbie ycjiOBaa 
6i, oapeaejieaabie paBeHCTBOM 



Ha3biBaiOTca peryaapabiMa, ecjia o6a aacjia 6q h 



#0 + X 8 = 


a^ 1 . 




(ai + s/?i' 
(a 2 + s(3 2 ] 























OTJIHHHbl ot ayjia. 

6) m a&rao; m = 2fi. 

HopMiipoBaHHbie KpaeBbie ycjiOBiia © Ha3biBaiOTca peryjiapHbiMH, ecjia no Kpaaaea 
Mepe oaao H3 aiiceji 6Li a 9i, oapeaejieaabix paBeHCTBOM 

— + e + e lS = 

s 



(a a + S 0,)wJ» (a 2 + J A)wS. a 



kUJ tf 2 

V+-2 



(am + ;A») W J+1 



Ana/ 



A»+2 



OTjiaaHO ot Hyjia. 



3. /^HCCHnaTHBHbie KpaeBbie ycjiOBna neTHoro nopa^Ka 

B 3tom naparpa(pe mm aoKaaceM peryjiapHOCTb onepaTopa aeTaoro aopaaKa, aopoacaeaaoro lo(y) 
a aaccanaTaBBbiivia KpaeBbiivia ycjiOBaaivia. 

ByaeM nacaTb y^ BMecTO y^ k \0) a y± BMecTO y^ k \l). 

L[eaTpajibaoe b stom naparpacpe yTBepataenne 3ByaaT cjieayioaxaM o6pa30M. 
Teopema 3. fiuccunamueHuu onepamop hSitihoso nopndKa (m = 2n) Hejinemcsi pezyjinpnuM. 
^OKASATEJlbCTBO. IIpon3Be,aeM aopiviapoBKy KpaeBbix ycjiOBaa: 
(7) Uj{y) = + biyP + . . . = 0, j = 0, . . . , 2n - 1 

2n-l 

Uj(y) h f/ t — BeKTopbi-CTOJi6nbi BbicoTbi rj e {0,1,2}, rj — 2n, k — 1,2 (MaoroToaae 3aecb 

j=0 

(i) 

no^pa3yMeBaeT npon3Boaiibie Mjiaanie j). ByaeM aa3MBaTb y k aea3BecTBbiMa. HivieeM cacTeMy 
jiaaeaabix ypaBaeaafi OTaocaTejibao stbx aea3BecTBbix, KOTopyio MoaceM peniaTb, Bbipa3aB rjiaBBbie 
aea3BecTBbie aepe3 CBo6oaiibie. Toraa KpaeBbie ycjiOBaa 3aaaiOT oaiio3naanoe OTo6paa<enne a3 C 2n 
b C 2n — KaatflOMy aaSopy 3aaaeaaa CBo6o^,abix aea3BecTBbix cooTBeTCTByeT e^aacTBeaabia aa6op 
rjiaBBbix TaK, aTO (pyaKii;aa, 3aaaeaaa KOTopoa b a 1 BMecTe co 3aaaeaaaMa ee apoa3BO^abix ap 
(2n — l)-fl BKjnoaaTejibBO coBaaaaiOT c aa6opoM 3aaaeaaa aea3BecTBbix, yapBJieTBopaeT KpaeBbiM 
ycaoBaaM. 

JIemma 5. B naofcdou nape (y^\ y^ n 1 k = 0, 1 o6e Heuaeecmnue ne Mozym 6umb 
odnoepeMeHHO ceo6odnuMU, ecjiu ycAoeun duccunamuenu u rj ■ r 2n -i-j ^ 1. 
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/^OKASATEJlbCTBO. IlpejxnojiaraeM npoTHBHoe. IlycTb o6e Hen3BecTHbie b nape (y^\ y^ n l ^) 
CBo6ojxHbie npn HeKOTopoM j. 3anHineM cpopMy Im (Loy, y), no^CTaBHB BMecTO rjiaBHbix Heii3BecTHbix 
hx BbipajKeHHa nepe3 CBo6ojjHbie: 



Im (loy, y) = (-1)"+^ • Im (y%% 3 } ) + V\vl 



0X,(2n-i-l)N . i (min{j,2n-j-l}),2 



+ ayf 1 ^ + rf n-1_i) + IV^ + Sy? + e, 



r^e a ... e — jirmeHHbie KOMSrmaipiH CBo6oiXHbix nepeMeHHbix 3a HCKjiio^eHHeM paccMaTpiiBaeMoii 
napbi; r\ — hhcjio. 

PaCCMOTpHM (pyHKHHH y G D(L ), y KOTOpblX 3HaHeHHH npOH3BOJXHbIX, COOTBeTCTByiOIHHX 

CBoSo^HbiM nepeivieHHbiM, 3a HCKJHoneHHeM h y^ n 1 ^ paBHbi Hyjiio. Oopivia Im (Loy, y) Ha TaKiix 
cpyHKHiiax npHHHMaeT 3HaHeHHH 



Im (L oV , y) = (-l)"^ 1 • Im (y^Vt'^) + ^yf in ^ 2 "-^ 1 »| 2 
ii He aBJiaeTca 3HaKOonpejj;ejieHHOH. IlpoTHBopeHHe. JleMMa jj;oKa3aHa. 

□ 

JlEMMA 6. Llycmb npaeeue ycjioeun duccunamuenu, mozda 



(8) r j + r 2n _ w = 2 Vj G {0, . . . ,2n — 1}. 

,H^OKA3ATEJlbCTBO. ^eiicTBHTejibHO, ecjiH rj + r 2n -i-j < 2 jijia HeKOToporo j (rj = 0, 

r 2n-i-j = hjih 1), to, o^eBHflHO, ecTb napa CBoSo^Hbix Hen3BecTHbix (y^ \ 2/fc 2 ™ 1 ) n P H 
k = hjih 1. 1b CHJiy jieMMbi [HI flJia ^HCCHnaTHBHbix KpaeBbix ycjiOBHfl He MOJKeT BbinojiHHTbca 

r j + r 2n-l-j < 2 HH npH KaKOM j. 

2n-l 

Ecjih me Tj + r2n~i-j > 2 npn HeKOTopoM j h X] r « = 2n, to HaiifleTca Taxoe s, hto 



+ r 2n-i-s < 2, a SToro SbiTb He mojkct b CHJiy CKa3aHHoro Bbinie. JleMMaE] jj;oKa3aHa. 



□ 



JlEMMA 7. Llycmb 3adanu duccunamuenue npaeeue ycjioeun u namjiocb manoe j, umo 



r 2 n-i- 



mozda 



(9) 



,j h 2n-l-j 
U U 



j,2n-l-j 



J_^OKA3ATEJlbCTBO. CnepBa npeflnojioJKHM, hto cpe^H btoh neTBepKH hhccji HeT Hyjien. Tor^a 
paccMOTpHM HeH3BecTHbie y^p h yj 2n 1 ^ k&k CBoGo^Hbie. KaK h b ,n,OKa3aTejibCTBe jieMMbi El 
nojiojKHM 3HaneHHa Bcex cboGojxhmx HeH3BecTHbix 3a HCKJHoneHHeM 3toh napbi paBHbiMH Hyjiio. 
Torjj;a 



Im (by, y) 



■l) n+j ■ Im 



y?y? n ~ j - l) 



v 



J 



(2n-i-l) 



(min{j,2n-j-l})|2 



rjj;e \i — HeKOTopoe hhcjio. OTCiojj;a nojiynaeM Tpe6yeMoe. 

PaccMOTpHM ocTaBHiHHca BapnaHT: nycTb 6q = 0, 6{ 7^ 0. /Jjia 3HaKOonpe^,ejieHHOCTH 
Im (Loy, y) Ha (pyHKHiiax y, y kotopmx SHa^eHHa Bcex npoH3BO,i],Hbix, cooTBeTCTByioiHHx CBo6ojj,HbiM 

HeH3BeCTHbIM, OTJIH^IHblM OT BblSpaHHOH HeTBepKH, HyjieBbie, HeoSxO^HMO BbinOJIHeHHe yCJIOBHH 
= Qj b 2n-l-j ^ Q _ n 

JlEMMA 8. Llycmb danu duccunamuenue nopMupoeannue npaeeue ycjioeuK 
U 3 (y) = 6jyW(0) + + • • • = 0, j = 1, . . . , 2n, 
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mozda Kpaeeue ycjioeun, nojiynaeMue omdpacueaHueM MJiadmux npou3eodnux 

Uf a \y) = V o y^(0) + b{y {k >\l) = 0, j = 1, . . . , 2n, 
MeAMwmcji cctMoconpftotceHHUMU. 

^OKA3ATEJlbCTBO. 3to npocToe cjieflCTBHe jieMM El El □ 

IlocKOJibKy b onpe^ejieHHH peryjiapHOCTH KpaeBbix ycjiOBHH ynacTByiOT tojibko KOScpcpHinieHTbi 
npn 3HaneHHax CTapiniix npoH3BO,a,Hbix, to ^iicciinaTHBHbie ycjiOBHa {Uj(y) = 0}|"i h nojiy^eHHbie 

no hhm caMOConpa>KeHHbie {Uj Sa \y) = 0}^™ 1 peryjiapHbi o,a,HOBpeMeHHO. B stom MecTe conijieMca Ha 
pa6oTy S.Salaff [2j, b kotopoh ycTaHOBjieHa peryjiapHOCTb caMOConpa>KeHHbix ^HCpcpepeHixHajibHbix 
onepaTopoB neTHoro nopa^Ka. ^OKa3aTejibCTBO TeopeMbi 3aKOHneHO. □ 

4. ^HCcnnaTHBHbie KpaeBbie ycjiOBHa HeneTHoro nopa^Ka. 

,I[HCCHnaTHBHbie onepaTopbi MoryT He aBjiaTbca peryjiapHbiMH. J\jin flOKa3aTejibCTBa SToro 
npHBe^eM cjieflyiomHH npHMep. 

riPHMEP. 

l(y) = = (-l)™^ 2 ™" 1 ) 

Kpaeeue ycjioeusi &03bMeM maKUMu: 

(2n-2) _ (2n-2) _ _ (n) _ (n) _ (n-1) _ Q 

yo — iJi — ■ ■ ■ — iJo — iJi — iJi — u 

I (n-l) ,2 

IJpu 3adanHux npaeeux ycAoeuMX lm[L y,y) = -^—^ — -, 

3jieMeHTapHaa npoBepxa noKa3biBaeT, hto hhcjio 6q, yHacTByiomee b onpeflejieHHH peryjiapHOCTH 
paBHO Hyjno. IloBTOMy peryjiapHbiMH Taxne KpaeBbie ycjiOBHa He aBjiaiOTca. 

Abtop 6jiaro^apHT A. A. IIlKajiHKOBa 3a nocTaHOBKy 3aflaH, o6cy>KfleHHe pa6oTbi h ueHHbie 
3aMenaHHa. B nacTHOCTH, eiviy npHHafljiejKHT cpopMyjinpoBKa TeopeM 1 h 2. 
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